We have studied the structure of chaos in three-body dynamics using the concept of intermittency, implying that violent states of a system alternate in time with quasi-regular states producing together a non-stationary and evolving pattern of unpredictable behaviour. Computer simulations are produced to demonstrate explicitly sporadic short violent bursts in quasi-regular hierarchical states of the systems. This is seen both in orbits and in the long time series generated by the system. The time series prove to be similar in shape to what is observed in various physical experiments with laboratory chaotic systems when they reveal the so-called type-III intermittency. The new effective methods of time series analysis enable us to discover a strange attractor with a fractal dimension slightly above 2. This shows that three-body dynamics has the same intrinsic qualitative structure and quantitative measure of chaos as the widely known chaotic system, the Lorenz attractor.
I N T R O D U C T I O N
The basic features of chaos in three-body dynamics have been discussed in a number of recent works. The qualitative properties of the three-body motions were presented comprehensively by Alekseev (1981) . Anosova (1985) analysed critically a wide range of results on both final and intermediate stochastic states in the threebody orbital evolution. An in-depth summary of the phenomenon has been given by Marchal (1990) . Valtonen & Mikkola (1991) discussed the most general properties of the three-body dynamics using analytical studies as well as computer simulations. They also point out areas of astronomical research where the few-body problem is especially important. Hietarinta & Mikkola (1993) and Mikkola (1994) studied the structure of regions of chaos in the phase space in gravitational threebody scattering using computer simulations. Antonov & Chernin (1993) investigated analytically the onset of chaos in the case of a symmetric three-body encounter. Aarseth et al. (1994) and Valtonen, Mikkola & Pietilä (1995) studied complex irregular motions in Burrau's problem. Ivanov & Chernin (1991) and Ivanov, Filistov & Chernin (1995) used Lyapunov exponents to study the stochastic behaviour of ensembles of three-body systems.
In this paper, we address the phenomenon of intermittency in the dynamics of three-body systems. Intermittency implies that violent states alternate in time with quasi-regular states, producing together an apparently non-stationary and evolving pattern of stochasticlooking behaviour.
To study this phenomenon, we analyse the homological properties of the triangle formed by the three bodies of the system. These properties are scale-invariant and depend only on the shape of the triangle. A two-dimensional manifold of all possible triangle homologies in a three-body system was first introduced by Agekian & Anosova (1967) . They called this manifold a D-region. We will refer to it as the homology map. Any triangle of a given homology is presented as a point on this map (Fig. 1) .
Because the system evolves in time, the homology of system changes, causing the respective point to move on the map in an apparently complex way reminiscent of examples of the random walks well known in configuration space. We will produce a time series that characterizes the motion of the point on the homology map and show by means of correlation integrals (Grassberger & Procaccia 1983; Lehto, Czerny & McHardy 1993 ) that chaos in three-body dynamics can be described in terms of a strange attractor with a fractal dimension slightly above 2. The low dimensionality is one of the major physical characteristics of intermittent chaos. Agekian & Anosova (1967) suggested an elegant way for analysis of the geometrical properties of a three-body system. They construct a map in which the point representing the triangle depends on its shape but not its size.
T H E H O M O L O G Y M A P
On this map ( Fig. 1 ) a triangle is rescaled and reoriented in such a way that the longest side has a length of unity and is denoted by ab. Here b represents the point at which the longest side of the triangle meets the shortest side. Next one draws a normal to the centre point, c, of the side ab. Point d is defined as the intersection of this normal and the unit circle centred at a. Any triangle can be plotted as a point in the area enclosed by points b, c and d. The location of the point corresponds to the homologous structure of the triangle.
It is easy to see that a triangle with nearly equal sides is represented by a point in the upper corner of the map; a triangle with one side much smaller than the two others finds its place in the bottom right corner of the map; and a triangle with its three corners lying almost along a straight line is represented by a point located near the bottom of the map. Let us now define four characteristic areas in the map: the top corner of the map is the area of Lagrangian (L) triangles, after the well-known solution of the classical threebody problem; the bottom right corner of the map, where triplets with close binaries are located, may be referred to as the area of hierarchical (H) configurations; the zone near the bottom of the map may be defined as the area of aligned (A) configurations; and the remaining area is found in the middle (M) of the diagram.
A homology map may be considered as a two-dimensional scaleinvariant surface in the phase space of the three-body system. Its geometry is Euclidean and the whole area is finite.
I N T E R M I T T E N C Y
It has long been recognized that, despite the chaotic nature of threebody dynamics, some typical transient and final states are observed in the time evolution of almost every three-body system (Anosova 1985; Valtonen & Mikkola 1991) . One of the most common transient states is a state with a temporary binary, which occupies the H area on our homology map (Fig. 1) . Their behaviour is the least chaotic, close to regular. The limiting case of this highly hierarchical system, with a very close binary and the third body at a large distance, can be described analytically, at least in some approximation. On the other hand, the most chaotic behaviour occurs in the state of three-body interplay when each of the bodies interacts with the two others with almost equal intensity. During this state (which is also transient), the system may move in any area of the map.
In the evolutionary history of most systems, these two extreme states, as well as intermediate ones, alternate in an apparently random way. This evolution is similar to the phenomenon of intermittency discovered in ocean turbulence and studied theoretically in great detail (e.g. Sagdeev, Usikov & Zaslavsky 1988 ). In the non-linear dissipative hydrodynamical systems, developed turbulent motions can alternate with laminar flows in a complicated space-time pattern having the appearance of an archipelago of islands of laminarity in a turbulent sea.
The structure of chaos in real physical systems is more complex than in truly random processes such as tossing dice (Zaslavsky 1985; Ott 1993) . Systems with chaotic dynamics usually contain these islands of stability. The larger the covering factor of the islands of stability, the weaker is the chaos. Intermittency is also one of the manifestations the dynamical behaviour known as weak chaos (Sagdeev et al. 1988; Zaslavsky 1985) . A further quantitative measure of weak chaos is the low dimension (close to 2) of the strange attractors characterizing their dynamics. We discuss this dimensionality later.
Let us now apply the concept of weak chaos to three-body dynamics using the homology analysis. This gives us a clear presentation of the phenomenon of intermittency in three-body dynamics, and enables us to introduce a new way of measuring it quantitatively, in addition to the attractor dimension. Our model ᭧ 1998 RAS, MNRAS 298, 790-796 Figure 1 . The homology map, after Agekian & Anosova (1967) . The characteristic areas: L -Lagrangian, H -hierarchical, A -alignment, M -middle. To give an astronomical example of the use of the homology map, we plot here the data by Karachentsev (1989) of observed configurations of 48 triple systems of galaxies shown to be isolated and bound physical systems (Chernin et al. 1994) . The distribution of these probably physical triplets on the homology map shows that the triplets appear to be scattered roughly uniformly all over the map. Note that these are the visible triangles, i.e. triangles in projection on to the sky. consists of a three-body system in a stationary spherically symmetrical potential well (Valtonen et al. 1994) . The well confines the bodies, and because of this the system can generate very long time series (see below).
Consider three characteristic examples of intermittent dynamic behaviour. The first one (Fig. 2) is an example of the time behaviour characteristic of the states with a close temporary binary. The ordinate is the length of the 'homology radius', which is defined as the distance from the point a on the homology map (Fig. 1) to the point representing the system. Fig. 2(a) shows the homology radius, h, of the system as a function of time (measured in arbitrary units). The state of low-amplitude quasi-periodic oscillations in the plot is the 'island of stability', which is the transient state showing more or less regular motion. It arises from the previously highly irregular state and ends with a transition to the next state of irregular motions in this particular episode in the history of the system. The quasiperiod of the oscillations of the homology radius is very near the period of the temporary binary, and the amplitudes of the oscillations are within rather narrow limits: jDh=hhij Յ 0:1. (The unit of length on the map is the side ab in Fig. 1 , as above.) Fig. 2(b) shows the same behaviour of the single triple system on a homology map over 1000 successive moments of time. This is the 'homology portrait' of the system, showing the whole history of the system. (In contrast, Fig. 1 gives the homology portrait of a whole ensemble of triple galaxies taken at one instant of time.) It is obvious from the distribution of the points that the system is most of the time in the state quasi-regular motion. The quantitative measure of regularity is the fraction of representative points located in the H area: H Ϸ 0:98. Fig. 3 shows an example of the other extreme, the highly irregular state of the system. During most of the time an active interplay takes place and irregular time variations of the homology radius proceed with large amplitudes (Fig. 3a) . The homology radius, h, takes values close to the maximal one, h max ¼ 1. This indicates directly the high level of the interplay efficiency, which can be characterized quantitatively by the mean-square amplitude hh 2 i 1=2 Ϸ 0:83. Fig. 3(b) gives the homology portrait of the same state; in this case it reveals a much lower density of the representative points in the H area of the map than in the previous case: H 0 Ϸ 0:57. It is an essential feature of the effective interplay with large amplitudes that the system visits not only the L and M areas, but also the H area of the map as well. Each occasional trip to the H area can introduce a portion of regularity and order to the apparently irregular motion. We may argue that this is close to the minimum level of regularity 792 P. Heinämäki et al.
᭧ 1998 RAS, MNRAS 298, 790-796 associated with three-body dynamics. Thus the quantity H 0 Ϸ 0:57 seems to characterize the minimal level of regularity; the normalization assumes that H ¼ 1 in the case of completely regular motion.
With this estimation for the value of H 0 , we can deduce the excess of regularity, dH, in the more regular case (Fig. 2 ): dH ¼ H ¹ H 0 Ϸ 0:41. This is near the maximal level of order in three-body dynamics.
Finally, Fig. 4 shows an intermediate case when a system spends more or less an equal time in both irregular and regular states. The excess of regularity for this kind of state is between 0.00 and 0.41. Fig. 5 presents an example of a very long time series showing the time variation of the homology radius for more than 3500 time units (the units are the same as above). The time series starts with the state of a three-body interplay, which proceeds during the first 900 time units (see with an extended time scale in Fig. 6 ). Subsequently the system is located in the H area for almost all moments of time during more than 3000 time units. In this area, the amplitude of the homology radius variations is generally rather small: jDh=hj Յ 0:1-0.2, but grows very large during short episodes.
These episodes indicate the interference of other states into the states of the H area: the systems leaves the H area because of a threebody interplay, and very soon it comes back to that area. Figs 7(a) and (b) show with an extended time scale the two typical parts of the time series in the H area, where the quasi-periodicity caused by the close binary and the time structure of the short episodes are shown more clearly.
The time series of Figs 5-7 appear to consist of an alternating sequence of seemingly periodic motion and short chaotic bursts characteristic of intermittent chaos. In contrast to what was discussed above, we see now a very large island of order affected sporadically by 'hurricanes' from the surrounding turbulent sea. This is very similar to the behaviour observed in various physical experiments [see, for instance, hydrodynamical experiments by Manneville & Pomeau (1980) and Dubois, Rubio & Bergé (1983) where Rayleigh-Bénard flow was studied] and classified as type-III intermittency.
The fine stochastic structure of type-III intermittency and, generally, analysis of various types of intermittency in three-body systems deserve more detailed study. This can be done, in particular, with the use of return-map methods (see, for instance, Geisel 1985) , and will be the subject of a separate work.
S T R A N G E AT T R AC T O R
We have applied the correlation integral (CI) method (Grassberger & Procaccia 1983; Lehto et al. 1993) to the time series of Figs 5-7. One of the quantitative characteristics of this method is its power to reveal the dimension of the dynamical system giving rise to the time series. The dimension D of the system is determined by the relation CðrÞ ϰ r D , where CðrÞ is the number of points in the data set (extracted with equal time intervals from the time series) lying within a distance r of a given point x 0 and averaging over all observed x i s (here each x is determined by a vector in d-dimensional embedding space -see below).
When applied to the well-studied example of a chaotic system known as the Lorenz attractor, the CI method gives from the time series generated by this system (Lorentz light curve -see Lehto et al. 1993) is assumed (and argued) that the CI method provides grounds for the reconstruction of the a priori unknown non-linear dynamical system responsible for the apparently chaotic variability from a single measured quantity. Non-integer values of D are common among chaotic or strange attractors, which are fractal in nature (Mandelbrot 1982) . For an attractor with a dimension between 2 and 3, the number of major physical parameters of the system with the time series under consideration is 3. In our case, the 'single observed quantity' is the homology radius of Figs 5-7, and the time series consists of 39 036 points with a time interval of 0.1, in the adopted time units. As for the number of major physical parameters in the states of the H area, one can expect that they are the eccentricities of the binary orbit and that of the third body and also the ratio of the semi-major axes of these two orbits.
If the system has a dimension of D, then we must first find out the next higher integer dimension into which we may embed this dynamical system. To accomplish this, one calculates the correlation integral (following Lehto et al. 1993 ) for various embedding dimensions using various data string lengths (i.e. embedding dimensions d ). Once a suitable embedding dimension is attained, the estimated dimension of the dynamical system should not change much as the embedding dimension is further increased. , 3, 4, 5, 8, 11, 14, 17 and 20 . If the dynamical system can be characterized by low dimensionality, then a limiting slope should be noticeable. To visualize this we also plotted the slope as a function of CðrÞ for the various embedding dimensions (Fig. 9) . It is apparent that the slopes of the correlation integrals are between 2 and 2.1 for both seemingly different-looking parts of the curve (Figs 5 and 6) .
Thus, we see that the states in the H area of the homology map are similar in their stochastic properties to strange Lorenz-type attractors. To visualize the attractor we have plotted the homology radius at time t þ 10 versus t in Fig. 10 .
The dimension of the attractor is larger than 2 and most probably less than 2.1. The low dimension of the attractor is usually treated as evidence that the chaos is weak in the system (Sagdeev et al. 1988 ). This may be related to the fact that the system is regular, in the zero approximation, for almost all time moments while it is in the H area (see the interval 600-3500 time units in Fig. 5) .
Together with the results of the previous section, this leads to a general conclusion: almost all three-body gravitating systems are chaotic, and chaos is then intermittent and weak.
Note that time series analysis above includes the complete curve of Fig. 5 in the interval 900-3500 time units and not only the quasiperiodic parts of the time series. This means that the short bursts of three-body interplay contribute to the resulting chaotic picture of the attractor.
In order to understand the importance of the bursts in forming the chaotic picture, we can attempt to apply the CI method to only one 'quiet' interval of the time series. Unfortunately, no single quiet interval is long enough to obtain a definite result from the correlation integral. One could also attempt to create an artificially long enough time series from the full time series of Fig. 5 by cutting off the burst episodes. If this artificial long series with only quasiperiodic behaviour shows no stochasticity, the contribution of the bursts should be considered crucial. However, such an experiment makes no sense either: the bursts leave irreversible changes in any quiet interval after their direct action and affect all of the time series.
We can demonstrate explicitly the effect of irreversibility of the intervention of chaos into the states of the H area with our models (Valtonen et al. 1994 ). The short time-scale structure of the burst episodes show 2-8 large-amplitude pulsations (see Figs 6 and 7). More information can be obtained from the structure of the orbits, which is also provided by our models. Fig. 11(a) shows the orbits of the three bodies in the projections on two orthogonal planes during the time interval 600-1000. Fig. 11(b) shows the same for the interval 1000-2000, and similarly Fig. 11(c) is for the interval 2000-3000.
᭧ 1998 RAS, MNRAS 298, 790-796 Figure 10 . A possible representation of the strange attractor. The abscissa is the normalized homology radius. The ordinate is the change of radius in 10 time steps. If a third dimension is added, e.g. radius in 5 time steps, then it is quite obvious that the object represented by this coordinate system is a cone or a pyramid-like structure with trajectories looping slightly away from this average structure. Thus the object can almost be reduced to a twodimensional surface, except for the sparse loops that appear to avoid selfcrossing of the trajectories. We see clearly from these figures that each particular intervention of a burst changes the orbits of the system drastically and in a completely irreversible way. The bursts cause three types of irreversible transformations: (1) exchange, when the third body becomes a member of the close binary together with one original binary member, while the other member of the initial binary moves away from the two others; (2) strong change of the geometry (orientation, size, topology) of the binary orbit; and (3) a combination of the two types.
It is essential that the bursts themselves and the types of interplay in the sequence of bursts occur in a chaotic manner: seemingly nothing special in the time structure of the quasiperiodic behaviour of the system (both on the homology map and in the configuration space of the orbits) indicates in advance when the next burst may occur and which type of transformation it may produce.
C O N C L U S I O N S
We have presented above a set of basic examples of chaotic behaviour of three-body systems using computer simulations produced with the methods described earlier (Valtonen et al. 1994) . We used also the recently introduced correlation integral method (Grassberger & Procaccia 1983; Lehto et al. 1993) for the analysis of the time series that was generated in the homology map by a system in highly hierarchical states. We found that these seemingly ordered states with only rare and occasional impacts from the violent states contained a strange attractor with a fractal dimension slightly above 2. Based on the analogy with the 'standard' chaotic systems studied in physics, we could make a conclusion about the level of chaos in the hierarchical states; such a dimension means that chaos in these states is weak, because of its intermittent structure.
Using this analogy we have also shown that the alternation of violent and quasi-regular states in chaotic three-body dynamics can be understood as type-III intermittency.
